We study interacting ultracold atoms in a three-dimensional (3D) harmonic trap with spinselective dissipations, which can be effectively described by non-Hermitian parity-time (PT ) symmetric Hamiltonians. By solving the non-Hermitian two-body problem of spin-1/2 (spin-1) bosons in a 3D harmonic trap exactly, we find that the system can exhibit third-order (fifth-order) exceptional point (EP) with ultra-sensitive cube-root (fifth-root) spectral response due to interaction anisotropies in spin channels. We also present the general principle for the creation of high-order EPs and their spectral sensitivities with arbitrary particle number N and arbitrary spin s. What is even more interesting is that with spin-independent interactions, the EP order of bosons can be as high as 2N s + 1, and the spectral response around EP can be as sensitive as ∼ 1/(2ks+1) under a kbody interaction anisotropy. These results could provide a convenient route towards more powerful sensor devices in spinor cold atomic systems.
I. INTRODUCTION
An open system with dissipative processes can be described by a non-Hermitian Hamiltonian phenomenologically. Among various types of non-Hermitian Hamitonians, the parity-time(PT ) symmetric Hamiltonian [1] is a peculiarly fascinating one whose spectra can be real and bounded below. With tunable parameters, such systems can undergo a spontaneous PT -symmetry breaking transition, where the eigenvalues of the system start to develop imaginary parts. Right at the transition, two or more eigenvalues and their corresponding eigenvectors coalesce simultaneously, and the location is known as the exceptional point(EP) [2] [3] [4] . Different from conventional degenerate point(DP) in Hermitian systems, EP in non-Hermitian systems can exhibit an ultra-sensitive response to external perturbations. Specifically, around an EP of q-th order, where q is the number of eigenvalues/eigenvectors that simultaneously coalesce, a small perturbation of strength can result in a large energy splitting ∼ 1/q . In comparison, near a conventional DP, any perturbation can at most give rise to a linear energy shift ∼ .
Given above properties, there have been a growing recognition that non-Hermitian EP systems can be an ideal candidate for making sensors [5] [6] [7] [8] [9] [10] , and those with high-order EPs are particularly attractive given their growing sensitivity. In the past few years, experiments on various photonic, acoustic and atomic systems have realized the second-order (q = 2) EPs , and later third-order (q = 3) [33, 35] and even higher-order ones (q > 3) [34] . Moreover, the ultra-sensitive spectral re- * Electronic address: xlcui@iphy.ac.cn sponses have been successfully detected near third-order EPs [35] . Theoretically, higher-order EPs have also been proposed by a number of studies in literature [36] [37] [38] [39] [40] [41] [42] [43] [44] . In ultracold atoms, by using the laser-induced spin-selective dissipation, a non-Hermitian atomic gas possessing PT -symmetry has become accessible in experiments [45] . Fig.1 shows the schematics for such setup in two-species (spin-1/2) and three-species (spin-1) atomic systems. Specifically, for spin-1/2 system (↑, ↓), a laser field uniquely transfers the spin-down atom to a highly excited atomic state and causes losses only in this spin state. Such spin-dependent losses can be dearXiv:1902.04769v1 [cond-mat.quant-gas] 13 Feb 2019 scribed by an imaginary magnetic field, iΓs z , up to a constant energy shift (∼ −iΓ/2). Together with an additional radio-frequency(rf) field (with strength Ω) to couple ↑ and ↓ states, this setup realizes the following type of Hamiltonian:
which supports a second-order EP at Ω = Γ. The Hamiltonian (1) is invariant under the PT symmetry transformation, where the parity operator P can be represented by the standard involutory permutation matrix and the time reversal operator T is equivalent to complex conjugation. Similarly, for spin-1 atoms, apart from the rf fields, two additional lasers with different strengths (Γ 1 , Γ 2 ) can be applied to transfer two of the spin states to excited atomic states. When tuning the relative dissipation strengths of two lasers to be Γ 1 /2 = Γ 2 = Γ, one can realize the same PT -symmetric Hamiltonian as Eq.1 with s α substituted by the spin-1 operators. Given the above PT -symmetric potential potential for a single atom, it is natural and interesting to investigate the interplay of such non-Hermitian potential and the highly-tunable interactions in cold atoms? In particular, is it possible to utilize an interacting ultracold atomic gas for designing sensors? To answer these questions, in our previous work [46] , we have investigated the repulsively interacting 1D spin-1/2 Bose gas with PT potentials, and found that such system can indeed be used to generate arbitrarily high-order EPs and produce ultra-sensitive spectral response through interaction anisotropies in spin channels. This is facilitated by the intrinsic ferromagnetic correlation in such system [47, 48] . In the present work, we consider the more general 3D atomic systems with high spin, in which it is easier to achieve higher order EPs than that in spin-1/2 systems. We exactly solve the two-body problems of spin-1/2 and spin-1 bosons under PT potential in a 3D harmonic trap, from which we establish the mean-field treatment for weak coupling bosons in the repulsive scattering branch. Using the mean-field treatment, we further study the order of EPs and their associated spectral sensitivity against interaction anisotropies for a small cluster of spin-1/2 and spin-1 bosons, and finally extend to many bosons with arbitrary spin. In general, we show that for a N -particle system with spin-s bosons, the EP order can be as high as 2N s + 1 with spin-independent interactions, and under a tiny k-body interaction anisotropy (with strength ), the spectral splitting around the EP sensitively scales as ∼ 1/(2ks+1) . These results could serve as a guideline for designing powerful sensor devices in spinor cold atoms systems.
The rest of the paper is organized as follows. In Sec.II we present the formalism of solving the non-Hermitian two-body problem in a harmonic trap with an arbitrary spin. In Sec.III, we apply the two-body exact solution to spin-1/2 and spin-1 bosons, and discuss the spectral response with respect to two-body interaction anisotropies. Sec.IV is contributed to the spectral sensitivity of three spin-1/2 and spin-1 bosons against interaction anisotropies in both two-body and three-body collision sectors. In Sec.V, we present the mathematical origin for the order of EPs and their associated sensitivities, and generalize the rules to many-body systems with an arbitrary spin. We conclude in Sec.VI.
II. FORMALISM FOR TWO-BODY PROBLEM IN TRAPPED NON-HERMITIAN SYSTEM WITH AN ARBITRARY SPIN
In this section, we study the two-body problem of s-wave interacting cold atoms in a 3D harmonic trap, with non-Hermitian external potential and with arbitrary spin. The two-body problem in trapped Hermitian system has been exactly solved in Ref. [49] . Here, the twobody system can be described by H = H 0 + U , where (we set = 1 throughout the paper)
here r = r 1 − r 2 is the relative coordinate of two atoms; s iα (α = x, y, z) denotes the spin-s operator for the i-th atom; g M S is the bare coupling in the scattering channel with total spin S and total magnetization M , and P 
Since the center-of-mass motion (related to coordinate R = (r 1 + r 2 )/2) can be decoupled from the problem, from now on we only focus on the relative motion (related to r) of two atoms and solve the Schrödinger equation
For the bound state, |Ψ satisfies the Lippman-Schwinger equation
where
is Green function. Due to the conservation of total spin S, one can solve the twobody problem in each S-sector individually. Specifically, we introduce a set of variables {f M } to express
with |SM the two-spin state with total spin S and total magnetization M . By plugging (6) into (5), we arrive at 2S + 1 coupled equations for {f M }, which lead to a non-trivial solution only under the condition
This is a (2S + 1) × (2S + 1) matrix equation, from which one can obtain the bound state energy E rel . Here the Green function can be expanded as
where ψ n (r) and E n are respectively the eigenwavefunction and eigen-energy of the n-th harmonic oscillator level; |µ are the right and left spin vectors in the total spin S subspace, which are defined through H P T |µ
† . Since the spin expansion in (8) fails at the location of single-particle EP (Γ = Ω), one needs to resort to the exact diagonalization to obtain the spectrum at EP.
III. TWO-BODY EXACT SOLUTIONS OF SPIN-1/2 AND SPIN-1 BOSONIC SYSTEMS
In this section, we present the exact solutions for twoboson system in a 3D harmonic trap, with both spin-1/2 (two species) and spin-1(three species), following the formalism in Sec.II. We will then focus on the spectral response in the weak coupling regime of repulsive scattering branch, where the mean-field treatment can be justified by exact solutions.
Previously, we have solved the two-body exact solutions of 1D bosons with PT potential [46] . In the 3D case, since bosons are still scattering in total spin S = 1 channel regardless of dimension, one again needs to solve a 3 × 3 matrix equation as shown by Eq.7. However, different from 1D case, in 3D the bare coupling part has an ultraviolet divergence at high energy (see Eq.3), which should be cancelled exactly by the same divergence in the Green function part (see Eq.8). To facilitate the presentation of results, we define the confinement length l = 1/ √ mω as a typical length scale. The two-body results are shown in Fig.2 . In Fig.2(a) , we plot the exact spectrum as a function of interaction strength, given fixed Ω, Γ and a small interaction anisotropy in S = 1, M = 0 scattering channel: a lowest three levels in this regime (solid lines) can be well predicted by the mean-field energy shift based on the non-interacting ground state (dashed line).
In Fig.2(c) , we plot the spectrum of the lowest three levels as functions of Γ given a spin-independent interaction (a
In this case, since the PT potential commutes with the interacting Hamiltonian, the EP still occurs at Γ = Ω, same as the noninteracting system. However, different from the singleparticle picture, here the EP order is upgraded to three, instead of two, simply because the two-boson scattering is locked in the spin-triplet channel. As shown in Fig.2 (c), three energy levels coalesce simultaneously at this point, and we have checked that the three eigenstates also coalesce at this point, thus featuring a third-order EP. In comparison to the presence of third-order EP in 1D case [46] , we remark that they share the same physi-cal origin, i.e., the bosonic statistics requires two bosons scattering in the triplet (ferromagnetic) channel.
Comparing Fig.2 (b) with (c), one can see that a small interaction anisotropy can completely destroy the triple degeneracy at EP. The interaction effect on the shift of degeneracy point is studied recently in Ref. [51] . Here we focus on the sensitive change of spectrum near EP, which is essential for the implement of sensor devices. For the weak coupling regime, this can be analyzed efficiently in a mean-field manner.. Given a small anisotropy in M = 0 scattering channel, i.e., a
≡ a s and a 1,0 s = a s + , we can expand the mean-field Hamiltonian in the space of three triplet states ({M = 1, 0, −1}) as
Where 1 is the identity matrix and ψ 0 (r) denotes the ground-state wave-function in 3D harmonic trap. Diagonalizing (9) at EP(Γ = Ω) for small , we obtain the three energy shifts as ∆E 1 = ∆E exp(iπ/3), ∆E 2 = −∆E, and ∆E 3 = ∆E exp(−iπ/3), which have the same amplitude
We can see that this expression matches well with the energy shift from exact numerical calculations, as shown in Fig.2(d) . The cube-root dependence of ∆E on the perturbation parameter is a deterministic feature of the third-order EP.
B. Spin-1
Spin-1 bosons can scatter in total spin S = 2 and S = 0 channels, which are respectively associated with scattering lengths a S=2 s ≡ a 2 and a S=0 s ≡ a 0 . Depending on the relative value of a 2 and a 0 , the ground state of the system can show different magnetic orders [52, 53] . For a 2 < a 0 , the ground state is ferromagnetic and the typical atomic system is 87 Rb; while for a 0 < a 2 , the ground state is anti-ferromagnetic (spin-singlet) and the typical atomic system is 23 Na. In this section, we will show that depending on the magnetic order or the ground state scattering channel of bosons, the PT potential can exhibit rather distinct effects.
To facilitate discussions, we rewrite the PT potential as
with S α = i s i,α the α(= x, y, z) component of total spin operator. Since H P T commutes with total spin S 2 , it will not couple states with different S but just induced coupling within the same S between different M . If the ground state is spin singlet |S = 0 , then the PT potential will take no effect because H P T |S = 0 = 0. This means that for bosons with anti-ferromagnetic order, such as 23 Na, the ground state will not be affected by PT potential. In comparison, for bosons with ferromagnetic order, such as 87 Rb, H P T can take dramatic effect. In the latter case, one needs to solve a 5×5 matrix equation expanded in {S = 2, M = ±2, ±1, 0} subspace, as shown by Eq.7. In Fig.3(a) , we plot the lowest five energy levels for two bosons in S = 2 sector with an anisotropic interaction in M = 0 channel. In weak coupling regime, the spectrum in the repulsive scattering branch can be well predicted by mean-field theory, see Fig.3(b) . Namely, we expand the Hamiltonian in the subspace of S = 2 sector, which
2 Ω 0 0 0
For small , one can easily obtain the energy shifts of five levels at Ω = Γ to be ∆E j=1,...,5 = ∆E exp i .
The expression (13) fits well with the exact numerical solution in Fig.3(d) . This is the typical feature for a fifth-order EP. Indeed, for an isotropic (M -independent) interaction, the five energy levels (as well as the associated eigenstates) merge at Γ = Ω, see Fig.3(c) , which marks the location of a fifth-order EP.
To this end, we have demonstrated the existence of third-order and fifth-order EPs for two bosons with spin-1/2 and spin-1, and the ability to achieve ∼ 1/3 and ∼ 1/5 spectral sensitivity by introducing a small interaction anisotropy within the ferromagnetic scattering channel (S = 1 for spin-1/2 bosons and S = 2 for spin-1 bosons).
IV. THREE-BOSON SYSTEM
In this section, we study the properties of three spin-1/2 and spin-1 boson systems. Here we take the meanfield treatment as established by exact two-body solutions in Sec.III, which assumes the charge parts of all three bosons are frozen at the lowest harmonic oscillator level (n = 0). We will discuss the spectral response to interaction anisotropy in both two-body and three-body coupling sectors.
For three spin-1/2 bosons, the allowable total spin are S = 3/2, 1/2 respectively. The wave-function of ferromagnetic S = 3/2 state is fully symmetric and the ground state under an s-wave interaction belongs to this spin space. Then it is naturally followed that with an isotropic(M -independent) interaction, a fourth-order EP will be supported at Γ = Ω, where all four energy levels and eigen-states coalesce simultaneously. In the next we will mainly focus on the mean-field spectral response to interaction anisotropies, which can be imposed on the two-body or three-body collision channel.
For the two-body interaction anisotropy, we consider an anisotropy in S = 1, M = 0 channel (with spin state | ↑↓ + | ↓↑ ) and plot the resulted spectrum in Fig.4 (a,b). Different from the isotropic case where the four levels simultaneously coalesce at EP (Γ/Ω = 1), here at this point two of the levels become complex and the rest two are still real. This means that the two eigenvectors associated with the two real eigen-energies are linearly independent. In Fig.4 (c) , we plot the amplitudes of four energy shifts as a function of two-body anisotropy strength ( 2 ), and find that three levels obey a cube-root response ∼ 1 3 2 , and the rest one shows a linear response ∼ 2 .
The above results can be understood by writing the corresponding matrix representation of Hamiltonian in the ferromagnetic spin basis {|S = 
with δ = , with the amplitude ∆E following a cube-root relation:
This can well explain the results shown in Fig.4(c) . In order to fully break the energy degeneracy at the fourth-order EP and create the most sensitive spectral response 1/4 , we introduce a more sophisticated perturbation to the system, i.e., an interaction anisotropy in the three-body collision sector. Here we choose a three-body anisotropic interaction( 3 ) in | ↑↑↑ channel for example, and shows the resulted spectrum in Fig.4(d,e) . One can see that at EP (Γ = Ω), the four-fold degeneracy are fully broken and all the four energy levels develop imaginary parts. Fig.4(f) shows that the energy shifts indeed obeys the ∼ 1/4 3 dependence. Similarly, these results can be conveniently understood by writing down the Hamiltonian in ferromagnetic basis, which reads
2 Ω 0 0
This gives a fully fourth-root energy splitting ∆E j=1,2,3,4 = ∆E exp i 
for small 3 . The numerical results in Fig.4 (f) verifies this spectral response.
B. Spin-1
In this subsection, we study three spin-1 bosons whose allowable total spin values are S = 3, 2, 1, 0. Like in the two-body case discussed previously, we focus on the case of ground state with ferromagnetic order, such as in 87 Rb atoms with a 2 < a 0 . In this case, the ground state of three bosons lies in the total spin S = 3 sector, which include seven magnetic states. Given an M -independent interaction, a seventh-order EP can be supported at Γ = Ω, where all seven energy levels and eigenstates coalesce simultaneously.
Now we turn to the spectral response under interaction anisotropies.
For two-body interaction anisotropy, we consider the same one as in Sec.III B, i.e., a S=2,M =±2,±1 s = a s and a 2,0 s = a s + 2 . The resulted spectrum for the lowest seven levels is shown in Fig.5(a,b) for typical a s and 2 . In this case, five levels obey a sensitive response ∼ 
ferromagnetic basis {|S
. In order to obtain the energy shifts analytically, we write out the secular equation for eigenvalues
For small δ ∝ 2 , we can extract two independent equations by comparing their order:
which give two linear solutions ∼ ( .
The corresponding numerical results in Fig.5 (c) confirm this conclusion.
To generate a more sensitive spectral response, similar to the spin-1/2 case, we turn on an interaction anisotropy in the three-body collision channel. For simplicity, we consider a three-body anisotropy ( 3 ) for three bosons colliding in S = 3, M = 0 channel, and the resulted spectrum are shown in Fig.5(d,e) . We can see that the splitting of the spectrum shows a distinct structure as compared to the two-body anisotropy case in Fig.5(a,b) . In this case the amplitudes of energy shifts at EP identically scales as ∼ 1/7 3 , as shown in Fig.5(f) . This is the most sensitive response of a seventh-order EP to small perturbations. In this case, the corresponding Hamiltonian in the ferromagnetic basis is
For small anisotropy 3 , the energy splittings of the seven levels at EP are ∆E j=1,...,7 = ∆E exp i
with the same amplitude ∆E = 900πΩ
This analytical result is consistent with the numerical results shown in Fig.5(f) .
V. MATHEMATICAL ORIGIN FOR THE SPECTRAL SENSITIVITY AND GENERALIZATION TO MANY-BODY SYSTEMS
In the previous section, we have shown the spectral response for small cluster boson systems to different types of interaction anisotrpies. In Table I , we summarize the spectral response in terms of the interaction anisotropy strength for spin-1/2 and spin-1 boson systems with particle number N and under k-body interaction anisotropy.
We emphasis that results in Table. I universally depend on N , k and spin s, but not on the concrete form of perturbation, i.e., the specific channel of interaction anisotropy. This implies there exist a robust intrinsic mechanism for the phenomenon. In our previous work [46] , we have unveiled such mechanism for spin-1/2 bosons. Here we will illustrate the idea for small cluster spin-1 bosons, and finally extend to systems with an arbitrary N, k and s.
As we mainly focus on the spectral sensitivity of the EP system and the perturbation is induced by an anisotropy in spin channel, in later discussions we only consider the spin-dependent Hamiltonian at EP (Γ = Ω):
here H refers to the perturbation part induced by interaction anisotropies.
A. Spectral sensitivity for small cluster spin-1 bosons
We will discuss three cases listed in Table I for spin-1 bosons.
(I) Two bosons with two-body anisotropy (N = 2, k = 2):
For the two-body ground state in S = 2 subspace, the Hamiltonian (24) is expanded by a 5 × 5 matrix. In the absence of H , H sd results in a fifth-order EP, which can be understood conveniently by a spin rotation around x-axis. Specifically, under a unitary transformation
we have U H sd U −1 = ΩS + . This shows that H sd simply produces the angular momentum raising operator, which has only one eigenstate |S = 2, M = 2 = |1, 0, 0, 0, 0 with eigenvalue 0. On the other hand, the raising operator S + is associated with an fifth-order Jordan block in the spectral decomposition. Both properties justify the occurrence of a fifth-order EP in this five dimensional spin space.
Next, consider the perturbation in |S = 2, M = 0 channel as discussed in Sec.III B, which is proportional to the spin projection operator P S=2,M =0 ∼ (S z −2)(S z − 1)(S z +1)(S z +2), here S z is the z-component of total spin operator. Under the same spin rotation U , this perturbation can be expressed as (S y − 2)(S y − 1)(S y + 1)(S y + 2), giving the following matrix in the five dimensional spin space
where * refers to the non-zero element proportional to the perturbation parameter . By straightforward algebra, we can see that this type of perturbation, together with the S + operator, can give rise to an eigenvalue (equal to the energy splitting at EP) as 1/5 . More importantly, this analysis allows us to extend to other types of twobody perturbation. In general, if one considers the perturbation in S z = M scattering channel, 
This perturbation matrix can still provide an energy splitting 1/5 . This is because the two matrices (26) and (28) both include non-zero elements generated by S still holds, which does not depends on the specific spin channel of the anisotropic interaction.
(II) Three bosons with two-body anisotropy (N = 3, k = 2):
Different from the case (I) where the ferromagnetic state of two bosons is with total spin S = 2, here for three bosons the ferromagnetic state is with spin S = 3. Thus the dimension of Hamiltonian matrix is enlarged to seven. In this case, we write down a general type of two-body interaction anisotropy:
here S ij z = s z,i + s z,j . After the rotation U (25), we get the following matrix structure for the perturbation Hamiltonian
* * * * * * 0 * * * * * * * * * * * * * * * * * * * * * 0 * * * * * * 0 0 * * * * *
We can see that in comparison to case (I), in the present case although the dimension of matrix is enlarged to seven, the non-zero elements in the matrix still extend to the fourth super-and sub-diagonals at most, because of the same form of perturbation Hamiltonian (29) . This leads to the same sensitivity for the spectral response, or energy splitting, as 1/5 . (III) Three bosons with three-body anisotropy (N = 3, k = 3):
Different from case (II), in the present case the perturbation is in three-body collision channel. For the ferromagnetic state of three bosons (S = 3), such perturbation Hamiltonian can be written as certain superposition of projection operators in S = 3 spin space:
here each P S=3,M is a six-rank polynomial of S z ; for instance, we have
, with S z the z-component of total spin operator for three bosons. After the spin rotation U (25), H becomes a six-rank polynomial of S y (or equivalently S ± ), which leads to the following matrix structure:
 * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
Here the non-zero elements can extend to the top right and the lower left corners of 7 × 7 matrix, thus giving rise to 1/7 spectral response. This is the conclusion that is irrelevant to the specific channel for the three-body anisotropy.
B. Generalization to many-body system with an arbitrary spin
From the previous subsection, we know that the order of EP and the spectral sensitivity at EP universally depend on a few parameters, namely, the particle number N , the spin s, and the number of colliding particles for the anisotropic interaction k (for instance, k = 2 means the interaction anisotropy in two-body coupling sector).
First, for spin-s bosons with particle number N , if the ground state is ferromagnetic with total spin S = N s, the EP order can be as high as 2N s + 1. In this case, given a spin-independent interaction, the spin-dependent part of Hamiltonian is solely give by the PT potential H P T = Ω(S x + iS z ), where S α = j s j,α is the total spin operator in α = x, y, z component. The many-body bosons in the ferromagnetic state just behaves as a huge spin with S = N s. Then following the same analysis in previous sections, upon a spin rotation around x (see Eq.25), H P T simply reproduces the angular momentum raising operator S + , which has one and only one eigenstate |S z = N s = |1, 0, ...0 . Moreover, the raising operator is associated with an (2N s+1)th-order Jordan block in the spectral decomposition. These properties justify the occurrence of (2N s + 1)th-order EPs in (2N s + 1)-dimensional spin space.
Second, given the high EP order 2N s + 1, the spectral sensitivity induced by the interaction anisotropy will additionally depend on k. Namely, the k-body interaction anisotropy can be described by projection operators on spin-ks, which gives rise to H as a 2ks-rank polynomial of S z . After a rotation U , H becomes 2ks-rank polynomial of S y (or equivalently S ± ). This leads to the matrix structure as shown in Fig.6 , where the non-zero elements can extend to the (2ks + 1)-th super-and sub-diagonals (including the main diagonal). The structure of matrix shown in Fig.6 is exactly the (2ks+1)-Hessenberg matrix constituted by Jordan blocks J 2N s+1 under perturbations [54] . Mathematically, upper(lower) q-Hessenberg matrix is a matrix with only zero entries below(above) the q-th (including the main diagonal) sub-diagonal (super-diagonal). This kind of matrix can lead to [
2ks+1 ] groups of sub-EPs, and each gives rise to the spectral splitting as 1 2ks+1 at best. From above results, we remark that although the EP order depends on the particle number N , the actual spectral sensitivity at EP does not rely on N , but solely depends on k and s. For instance, for case (I) and (II) in previous subsection, although the particle number N (and thus the EP order) are different, the spectral sensitivities are the same for (I) and (II) (both are 1/5 ) because k, s do not change. Therefore, to create the spectral response as sensitive as possible, one has to resort to higher spin (s large) and higher-body collision channel (k large) but not to more particles (N large).
In principle, above results for bosons can be extended to fermonic systems. However, the full ferromagnetic state is usually not favored by fermion statistics, which makes the analysis of fermions not as transparent as bosons. For instance, for two spin-1/2 fermions, the scattering is in singlet channel, while the PT potential takes no effect to singlet state because H P T |S = 0 = 0, similar to spin-1 bosons in the anti-ferromagnetic channel. For two spin-3/2 fermions, the allowable total spin is S = 0, 2; the only scattering channel that the PT potential can take effect is S = 2 channel, which will leads to a fifth-order EP, similar to spin-1 bosons in the ferromagnetic channel. The extension to many fermions and to arbitrary spin can be similarly analyzed, which will not be elaborated here.
VI. SUMMARY
In summary, we have demonstrated the properties of higher-order EPs and their associated spectral sensitivities due to the interplay between PT -symmetric potential and particle interactions in a 3D trapped boson system with arbitrary spin. Consistent with our previous work on two-species bosons in 1D [46] , here we show that a 3D Bose gas in the repulsive scattering branch can also be used to create high-order EPs. We have exactly solved the non-Hermitian two-body problem for spin-1/2 and spin-1 bosons in a 3D harmonic trap, and verified the mean-field treatment in predicting the eigen-spectrum of repulsive branch in weak coupling regime. We further utilize the mean-field treatment to study the properties of EPs for a small cluster of spin-1/2 and spin-1 bosonic systems (see Table I ), and finally generalize to manybody systems with arbitrary spin. Our main conclusions are summarized as follows:
(I)For N spin-s bosons under PT potential (1), a (2N s+1)-th order EP will occur at Ω = Γ in the presence of a spin-independent interaction where all the eigenenergies and all eigen-vectors coalesce into a single energy and a single vector.
(II) Based on the high-order EP created above, when a tiny interaction anisotropy in the k-body collision sector is turned on , the original EP will split into [
2ks+1 ] groups of sub-EPs, and the most sensitive spectral splitting scales as 1 2ks+1 . We have numerically verified this conclusion for a small cluster of spin-1/2 and spin-1 boson systems.
These results reveal the intriguing interplay effect between interaction, non-Hermitian potential and the bosonic statistics. The phenomenon of sensitive spectral response may be detected through the spectroscopy measurement in the s-wave scattering Bose gas. Based on these results, a powerful atomic sensors may be designed in spinor Bose gases with tunable few-body forces. Lett. 61, 368 (2003 
